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As the main results of this paper we prove that for every polyhedron P with abelian or
torsion-free nilpotent fundamental group there are only ﬁnitely many different homotopy
types of Xi such that Xi × S1  P . The same holds for any ﬁnite K (G,1) with nilpotent
fundamental group in place of S1. The problem, if there exists a polyhedron with inﬁnitely
many direct factors of different homotopy types (K. Borsuk, 1970) [2] is still unsolved, even
if we assume the second factor to be S1.
© 2010 Elsevier B.V. All rights reserved.
In this paper by a polyhedron we mean, as usually, a ﬁnite polyhedron. Every polyhedron, CW-complex and FANR is
assumed to be connected. (The basic notions and results of shape theory can be found in [4,5,12,23,6].)
Recall that the homotopy types (or shapes) of X and Y are called factors of the homotopy type (respectively shape) of
X × Y (in both, pointed and unpointed cases).
The ﬁrst examples of polyhedra with two different decompositions into a product of two (polyhedral) factors in the
homotopy category were obtained by P. Hilton and J. Roitberg in 1969 [15] and A.J. Sieradski in 1971 [28] (even with abe-
lian fundamental groups), and into such a product with the second factor S1 by L. Charlap in 1965 [8] (high-dimensional
manifolds) and E. Conner, F. Raymond in 1972 [9].
The following natural problem stated by K. Borsuk in the seventies ([4, Problem (34.9), p. 137], see also [2, Problem 7,
p. 240]) still remains unsolved:
Problem. Does there exist a polyhedron with inﬁnitely many different homotopy factors?
Precisely, K. Borsuk asked: Does there exist a polyhedron with inﬁnitely many different shape factors? However, homotopy and
shape versions of this question are equivalent: there is a 1–1 functorial correspondence between the shapes of compacta
shape dominated by a given polyhedron and the homotopy types of CW -complexes homotopy dominated by it, in both
pointed and unpointed cases (see [13]; [12, Theorem 2.2.6]). Recall that each space homotopy dominated by a polyhedron
has the homotopy type of a CW-complex, not necessarily ﬁnite (J.H.C. Whitehead, 1950; see, for example, [30]).
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Theorem 5.1]). In this paper we will concentrate on the pointed case.
The question in consideration is also equivalent to another Borsuk question ([1, Question 11], [6, p. 184]): Does there exist
an X ∈ FANR with inﬁnitely many different shape factors? This follows from the fact that for each X ∈ FANR, X × S1 has the
shape of a polyhedron (by the results of [24]).
The answer to the following question is also unknown (cf. [6, p. 184]):
Problem. Does there exist a polyhedron P such that Xi × S1  P , for inﬁnitely many different homotopy types of Xi?
In this paper we will prove that, for each polyhedron P with nilpotent torsion-free fundamental group, there are only
ﬁnitely many different homotopy types of Xi such that Xi × S1  P (Theorem 3). The same we will obtain for polyhedra
with abelian fundamental groups (Theorem 2).
Let us note that the case of all the homotopy dominations of P is different. In some previous paper [20], in connection
with another question of K. Borsuk, we showed that there exist polyhedra with nilpotent torsion-free fundamental groups
dominating inﬁnitely many different homotopy types (equivalently, shapes).
The main proofs of this paper will be based on the corollaries to the Hilbert Basis Theorem that we used earlier in
the case of all the homotopy dominations of polyhedra with ﬁnite fundamental groups. Precisely, we proved in [22] that
a polyhedron with ﬁnite fundamental group dominates only ﬁnitely many different homotopy types (by the same proof,
each polyhedron dominates only ﬁnitely many different homotopy types of spaces with ﬁnite fundamental group). Here we
will observe that for X and Y with ﬁnite fundamental groups, X × S1  Y × S1  P , where P is a polyhedron, implies that
X  Y (Theorem 1).
Recall that, given a polyhedron P , there are only countable many different homotopy types of X such that X × S1  P .
This is a consequence of the results of M. Mather [24], W. Holsztynski [18], M.A. Moron and F.R. Ruiz del Portal [25] that
each polyhedron dominates only a countable number of different homotopy types (or shapes).
Algebraic preliminaries
Deﬁnition 1. Recall that a group G is nilpotent, if in the series G = G(0) ⊇ G(1) ⊇ · · · ⊇ G(i) ⊇ · · · , with G(i+1) = [G,G(i)],
G(l) = 1 for l suﬃciently large (here [G, H] is the commutator subgroup of G and H).
Deﬁnition 2. A group G is said to be polycyclic if it has a ﬁnite series G = G0  G1  · · ·  Gl = 1, for which each factor
Gi−1/Gi (where i = 1, . . . , l) is ﬁnite cyclic or inﬁnite cyclic (see, for example, [27, p. 2]).
Deﬁnition 3. A group G is called a poly-Z-group if it has such a series with factors Z .
Recall that every ﬁnitely generated nilpotent group is polycyclic and every torsion-free nilpotent group is a poly-Z -group
(see [26, Theorem 5.2.20]).
Deﬁnition 4. A group G is polycyclic-by-ﬁnite if G is an extension of a polycyclic group by a ﬁnite group i.e., there is a
polycyclic group H  G such that G/H is ﬁnite.
Deﬁnition 5. The number h(G) of inﬁnite cyclic factors in a series G = G0  G1  · · ·  Gl = 1 with cyclic or ﬁnite factors
is an invariant of a polycyclic-by-ﬁnite group G (independent of the series) known as the Hirsch number of G (see [27,
p. 16]).
1. Homotopy decompositions of polyhedra into two factors, where the ﬁrst one has ﬁnite fundamental group and the
second one is S1
In some previous paper we showed that every polyhedron with ﬁnite fundamental group dominates only ﬁnitely many
different homotopy types [22, Theorem 2]. The same proof gives that every polyhedron dominates only ﬁnitely many differ-
ent homotopy types of spaces with ﬁnite fundamental groups. However, concerning homotopy decompositions of polyhedra
into cartesian products with the second factor S1, we can easily state that:
Theorem 1. For X1 and X2 with ﬁnite fundamental groups, X1 × S1  X2 × S1  P , where P is a polyhedron, implies that X1  X2 .
Deﬁnition 6. Recall that a group homomorphism f : A → B is said to be an r-homomorphism if there exists a homomorphism
g : B → A such that f g = idB (see, for example, [3, Chapter 2]).
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Lemma 1. Assume that X1 and X2 are homotopy dominated by a polyhedron P . Let π1(X1) and π1(X2) be ﬁnite, π1(X1) × Z ∼=
π1(P ) ∼= π1(X2) × Z , and πr(X1) ∼= πr(P ) ∼= πr(X2), for all r  2. Then X1  X2 .
Proof. By the results of [30], both X1 and X2 may be assumed to be CW-complexes. For i = 1,2, let di : P → Xi be a ﬁxed
domination of P over Xi , and let ui : Xi → P be a ﬁxed right inverse map (i.e. diui  idXi ).
Consider the composition f1,2 = d2u1 : X1 → X2. Observe that if π1(X1) and π1(X2) are ﬁnite and π1(X1)× Z ∼= π1(P ) ∼=
π1(X2)× Z , then the torsion T of π1(P ) is a subgroup of π1(P ) isomorphic to both π1(X1) and π1(X2), so these two groups
must be isomorphic.
We claim that then f1,2 induces an isomorphism π1( f1,2) : π1(X1) → π1(X2). Obviously, every group homomorphism
sends each element of ﬁnite order into an element of ﬁnite order. Thus both monomorphisms π1(u1) : π1(X1) → π1(P ) and
π1(u2) : π1(X2) → π1(P ) induced by u1 : X1 → P and u2 : X2 → P (respectively) are isomorphisms onto T in π1(P ).
Hence the composition f1,2 = d2u1 : X1 → X2 induces an isomorphism π1( f1,2) : π1(X1) → π1(X2).
All the homotopy groups πr(Xi), for r  2 and i = 1,2, are ﬁnitely generated abelian. Indeed, by the result of Wall [30,
the proof of Theorem A, implication (ii) ⇒ (i), p. 60], if X is dominated by some polyhedron P , then X is also dominated
by some polyhedron P ′ such that π1(X) ∼= π1(P ′). Since π1(P ′) is ﬁnite, a polyhedron P ′ has ﬁnitely generated higher
homotopy groups, so the same is true for X .
Since πr(X1) ∼= πr(P ) ∼= πr(X2), for r  2, then f1,2 induces isomorphisms πr( f1,2) : πr(X1) → πr(X2), for all r  2 (see,
for example, [3, Chapter II, Theorem 1.6] stating that every r-homomorphism between two isomorphic ﬁnitely generated
abelian groups is an isomorphism).
Therefore, by the Whitehead Theorem, f1,2 = d2u1 : X1 → X2 is a homotopy equivalence, which is the desired conclu-
sion. 
Remark 1. G. Hollingsworth and R.B. Sher proved that if X1 and X2 are approximatively 1-connected compacta and both,
X1 × S1 and X2 × S1, have the shape of a given polyhedron P , then the shapes of X1 and X2 are equal [17].
2. Homotopy decompositions of polyhedra with abelian fundamental groups into two factors where the second factor
is S1
We will show the following theorem:
Theorem 2. For a polyhedron P with abelian fundamental group, there are only ﬁnitely many different homotopy types of Xi such that
Xi × S1  P .
Our method will be based on some corollaries to the Hilbert Basis Theorem and was earlier applied for proving that every
polyhedron with ﬁnite fundamental group dominates only ﬁnitely many different homotopy types (see [22], cf. also [21]).
Let us recall the following:
Deﬁnition 7. A map f : X → Y between two CW-complexes X and Y is called homology equivalence if the induced homo-
morphism Hr( f ) : Hr(X) → Hr(Y ) is an isomorphism for all r  1 (compare [29, Chapter IV, pp. 181–182]).
In the sequel we will apply the lemma below (Lemma 2) that was proven in [22], [22, Lemma 4, p. 6]. We will use the
following notations:
Given a polyhedron K and a CW-complex Xi homotopy dominated by K , let di : K → Xi be a ﬁxed domination of K over
Xi with a right inverse map ui : Xi → K (i.e. diui  idXi ). Let ki = uidi : K → K . Observe that then ki is an idempotent in
the homotopy category of CW-complexes and homotopy classes of cellular maps between them.
Lemma 2. ([22, Lemma 4, p. 6]) Let K be a polyhedron. Any subclass W of the class of all the CW-complexes dominated by K can be
partitioned into ﬁnitely many classes, such that if Z and Y belong to the same class, then there exists a ﬁnite sequence {X j}mj=0 , where
X0 = Z , Xm = Y , X j ∈ W , such that the map gZY = dmkm−1km−2 · · ·k2k1u0 : Z→ Y is a homology equivalence.
Remark 2. Assume that P is a polyhedron and Xi is a CW-complex satisfying P  Xi × S1. Let pi : P → Xi × S1 → Xi be
the composition of a ﬁxed homotopy equivalence P → Xi × S1 with the natural projection Xi × S1 → Xi onto the ﬁrst
factor. Let vi : Xi → Xi × S1 → P be the natural inclusion Xi → Xi × S1 composed with an inverse homotopy equivalence
Xi × S1 → P . Thus we have pi vi  idXi . Let li = vi pi : P → P . As above, li is an idempotent in the homotopy category of
CW-complexes and homotopy classes of cellular maps between them. Furthermore, each pi and vi induces isomorphisms
πr(pi) : πr(P ) → πr(Xi × S1) → πr(Xi) and πr(vi) : πr(Xi) → πr(Xi × S1) → πr(P ) (respectively) on the homotopy groups
for all r  2 (cf. [19, Chapter V, Theorem 2.1, p. 144]).
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Lemma 3. Let P be a polyhedron with abelian fundamental group. Let W be the class of all the CW-complexes Xi satisfying
Xi × S1  P . Then W can be partitioned into ﬁnitely many classes such that if Z and Y belong to the same one, then there exists
a ﬁnite sequence {X j}mj=0 , where X0 = Z , Xm = Y , X j ∈ W , such that the map gZY = pmlm−1lm−2 · · · l2l1v0 : Z → Y induces isomor-
phisms π1(gZY ) : π1(Z) → π1(Y ).
Proof. By Lemma 2, the class W of all the CW-complexes Xi satisfying Xi × S1  P can be partitioned into ﬁnitely many
classes such that if Z and Y belong to the same one, then there exists a ﬁnite sequence {X j}mj=0, where X0 = Z , Xm = Y ,
X j ∈ W , such that the map gZY = pmlm−1lm−2 · · · l2l1v0 : Z → Y induces isomorphisms H1(gZY ) : H1(Z) → H1(Y ). Since
π1(X j) are all abelian, then π1(X j) ∼= H1(X j) for j = 0,1, . . . ,m, and we obtain our claim. 
Proof of Theorem 2. Suppose that there are inﬁnitely many different homotopy types Xi satisfying Xi × S1  P . All the Xi
may be assumed to be CW-complexes (see Introduction). Let pi : P → Xi and vi : Xi → P be as above (cf. Remark 2).
By Lemma 3, all the Xi can be partitioned into ﬁnitely many classes such that if Z and Y belong to the same one then
there exists a ﬁnite sequence {X j}mj=0, where X0 = Z , Xm = Y , X j ∈ W , such that the map
gZY = pmlm−1lm−2 · · · l2l1v0 : Z → Y
induces an isomorphism π1(gZY ) : π1(Z) → π1(Y ) on the fundamental groups.
Clearly, all the vi : Xi → P and pi : P → Xi induce isomorphisms πr(vi) : πr(Xi) → πr(P ) and πr(pi) : πr(P ) → πr(Xi)
(respectively), for all r  2 (compare Remark 2).
Hence, we obtain that gZY = pmvm−1pm−1vm−2 · · · p2v1p1v0 : Z → Y induces isomorphisms πr(gZY ) : πr(Z) → πr(Y )
for all r  1.
By the Whitehead Theorem, all the Xi in the same class are homotopy equivalent, and the proof is ﬁnished. 
3. Homotopy decompositions of polyhedra with nilpotent torsion-free fundamental groups into two factors where the
second factor is S1
In this section we will prove the following:
Theorem 3. . For a polyhedron P with nilpotent torsion-free fundamental group, there are only ﬁnitely many different homotopy types
of Xi such that Xi × S1  P .
The deﬁnition below will be used in the proof of the next lemma (Lemma 4).
Deﬁnition 8. A CW-complex X is said to be nilpotent if X is connected, π1(X) is nilpotent and, for every r > 1,
π1(X) acts nilpotently on πr(X). An action of a group G on an abelian group A is nilpotent if there is a ﬁnite series
0 = A0 ⊆ · · · ⊆ Al = A, such that G acts trivially on Ai/Ai−1 (for 1 i  l).
Remark 3. All the Eilenberg–MacLane CW-complexes K (G,1)’s, for ﬁnitely generated nilpotent torsion-free groups G , are
nilpotent ﬁnite CW-complexes of dimension equal to the Hirsch number of G , up to homotopy type (see, for example, [7,
Chapter 8, Theorem (7.1)]).
Applying Lemma 2 to K = K (G,1), where G is a ﬁnitely generated, nilpotent torsion-free group, we will prove the
following Lemma 4 that will be most important part of the proof of Theorem 3 (the notations are the same as in Remark 2):
Lemma 4. Let P be a polyhedron with nilpotent, torsion-free fundamental group. The class W of all the CW-complexes Xi satisfying
Xi × S1  P can be partitioned into ﬁnitely many classes such that if Z and Y belong to the same one then there exists a ﬁnite sequence
{X j}mj=0 , where X0 = Z , Xm = Y , X j ∈ W , such that the map
gZY = pmlm−1lm−2 · · · l2l1v0 : Z → Y
induces an isomorphism π1(gZY ) : π1(Z) → π1(Y ) on the fundamental groups.
Proof. Consider the class W of all the CW-complexes Xi satisfying Xi × S1  P with ﬁxed pi : P → Xi and vi : Xi → P (see
Remark 2).
As was mentioned above (see Remark 3), for every nilpotent, torsion-free, ﬁnitely generated group G , there exists a ﬁnite
CW-complex K (G,1) (for example, by [7, Chapter 8, Theorem 7.1]). Obviously, this CW-complex is nilpotent.
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direct factor of G , each Gi is also nilpotent, torsion-free, ﬁnitely generated. Thus, all the CW-complexes Ki and K may be
assumed to be ﬁnite, nilpotent CW-complexes.
Recall that given two groups H and M , there is a 1–1 functorial correspondence between pointed homotopy classes
[K (H,1), K (M,1)]∗ of maps K (H,1) → K (M,1) and group homomorphisms in Hom(H,M) (see, for example, [29, Theo-
rem 4.3, p. 225]).
Therefore, in particular, all the Ki = K (Gi,1) are homotopy dominated by K (G,1).
Let f¯ : K (π1(Xk),1) → K (π1(X j),1) denote the map of Eilenberg–MacLane complexes which corresponds (as above) to
the group homomorphism π1( f ) : π1(Xk) → π1(X j) induced on the fundamental groups by a given map f : Xk → X j .
By Lemma 2 applied to K = K (G,1), we obtain that the class Z of all the Ki can be partitioned into ﬁnitely many
classes, such that if two complexes Q , L ∈ Z belong to the same class, then there exists a ﬁnite sequence {K j}mj=0, where
K0 = Q , Km = L, K j ∈ Z , such that the map p¯ml¯m−1l¯m−2 · · · l¯2l¯1 v¯0 : Q → L is a homology equivalence.
Since all the Ki are nilpotent CW-complexes, this map is also a homotopy equivalence. Indeed, by the theorem of Dror
[10, Section 4.3, p. 16], for nilpotent CW-complexes every homology equivalence is a homotopy equivalence.
The above partition of the class Z determines a partition of the class W into ﬁnitely many classes, such that if two
complexes Z and Y belong to the same class, then there exists a ﬁnite sequence {X j}mj=0, where X0 = Z , Xm = Y , X j ∈ W
that the map
gZY = pmlm−1lm−2 · · · l2l1v0 : Z → Y
induces an isomorphism π1(gZY ) : π1(Z) → π1(Y ) on the fundamental groups. (This follows from the fact that the corre-
sponding map of the Eilenberg–MacLane CW-complexes K (π1(Z),1) → K (π1(Y ),1) is a homotopy equivalence.)
This ends the proof. 
Proof of Theorem 3. The proof of Theorem 3 is the same as the proof of Theorem 2. Instead of Lemma 3 we use
Lemma 4. 
It should be noted that there exist polyhedra with nilpotent fundamental groups and with different homotopy types
whose cartesian products with the circle S1 are homotopy equivalent:
Example 1. P. Hilton stated in [14] that there exist polyhedra K1, K2, . . . , Km with nilpotent (but not torsion-free) funda-
mental groups, such that K1  Ki , but K1 × S1  Ki × S1, for i = 2, . . . ,m.
Example 2. There also exist polyhedra K1 and K2 with nilpotent, torsion-free fundamental groups, such that K1  K2,
but K1 × S1  K2 × S1. To see this, let us take two ﬁnitely presented nilpotent, torsion-free groups G1 and G2 such that
G1  G2, but G = G1 × Z ∼= G2 × Z . Such an example of groups is given, for instance, in [16, p. 154]. It follows that there
exist two ﬁnite CW-complexes K1 and K2 such that K1  K2, but K1 × S1  K2 × S1. It suﬃcies to take K1 = K (G1,1) and
K2 = K (G2,1) (compare Remark 3). (The dimensions of K1 and K2 equal to the Hirsch numbers of G1 and G2 (respectively),
by [7, Chapter 8, Theorem 7.1]).
Remark 4. The proofs of Theorem 3 and Lemma 4 work for any ﬁnite CW-complex K (G,1), where G is nilpotent, in place
of S1. (Since there exists a ﬁnite K (G,1), such a group G is necessarily torsion-free, see [7].) For example, we can take
Tn = S1 × · · · × S1 (n times) instead of S1.
Thus we get the following generalization of Theorem 3:
Theorem 4. Let P be a polyhedron with nilpotent torsion-free fundamental group. Then, for each group G, there are only ﬁnitely many
different homotopy types of Xi such that Xi × K (G,1)  P .
Remark 5. In [20] we showed that there exist polyhedra with nilpotent torsion-free fundamental groups dominating in-
ﬁnitely many different homotopy types. Precisely, we proved [20, Theorem 2] that for every non-abelian poly-Z -group G ,
there is a polyhedron P with π1(P ) ∼= G that homotopy dominates inﬁnitely many different homotopy types of polyhedra.
(Every poly-Z -group is ﬁnitely presented, by the result of P. Hall, see [26, pp. 53–54]). Since every nilpotent, torsion-free
group is a poly-Z -group (cf. Algebraic Preliminaries), there exist polyhedra with such a fundamental group dominating in-
ﬁnitely many different homotopy types [20, Corollary 5]. Of course, there are many examples of nilpotent and torsion-free
groups which are non-abelian (one of many possible examples is the group G used in Example 2).
The author expects that Theorem 3 may be generalized as follows:
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Xi such that Xi × S1  P .
4. Some related problems
Let us ﬁnish with two related questions on groups. Theorem 3 has the following analog for ﬁnitely presented groups:
given a ﬁnitely generated nilpotent group G , there are only ﬁnitely many groups Gi up to isomorphism such that Gi × Z ∼= G
(see [16]). However, the following question is unanswered:
Problem 1. Does there exist a ﬁnitely presented group G such that Gi × Z ∼= G , for inﬁnitely many non-isomorphic
groups Gi?
According to the author’s knowledge, even more general problem is unsolved:
Problem 2. Does there exist a ﬁnitely presented group G with inﬁnitely many r-images up to isomorphism?
In the case where G is nilpotent torsion-free, the negative answer follows from the geometrical result [21, Corollary 1,
p. 587].
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